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Effective forces between macroions: The cases of asymmetric macroions and added salt

E. Allahyarov,* H. Löwen,† and S. Trigger*
Institut für Theoretische Physik II, Heinrich-Heine-Universita¨t Düsseldorf, Universita¨tsstraße 1, D-40225 Du¨sseldorf, Germany

~Received 6 June 1997; revised manuscript received 9 February 1998!

The distance-resolved effective forces between two spherical, highly charged colloidal macroions are cal-
culated by computer simulation within the primitive model of strongly asymmetric electrolytes. In particular
we consider the case of two asymmetric macroions, i.e., two particles with different charges and different radii,
as well as the case of added salt ions. Different parameter sets corresponding to typical experimental samples
are investigated. The results are compared with the predictions of traditional linear screening theory of Der-
jaguin and Landau@Acta Physicochim. URSS14, 633 ~1941!# and of Verwey and Overbeek@Theory of the
Stability of Lyophobic Colloids~Elsevier, Amsterdam, 1948!#. For moderate charge asymmetries we find a
semiquantitative agreement and verify different scaling laws obtained from Derjaguin-Landau-Verwey-
Overbeek~DLVO! theory justifying the DLVO description of binary mixtures and of charge- and size-
polydisperse macroion samples. However for very large asymmetry, particularly for the mixture of charged and
uncharged colloid particles, we obtain a nonzero repulsive interaction contrarily to DLVO theory.
@S1063-651X~98!11805-6#

PACS number~s!: 82.70.Dd, 61.20.Ja
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I. INTRODUCTION

The interactions between two highly charged colloid
particles ~‘‘macroions’’! @1–3# in a polar solvent are fre
quently modeled by the traditional linear screening theory
Derjaguin, Landau, Verwey, and Overbeek@4,5#. Basically,
this interaction consists of a pairwise screened Coulomb~or
Yukawa! interparticle potential with a ‘‘renormalized
charge’’ taking into account the finite core of the macroio
This Yukawa form was tested within theories that are beyo
the linear screening level@6,7# and it was found that the
interaction is indeed well described by a Yukawa potent
but the actual values of the screening length and the re
malized charge eventually have to be modified. Further in
rect tests of the Derjaguin-Landau-Verwey-Overbe
~DLVO! picture have been done on different levels of n
merical and theoretical sophistication~see, e.g.,@8–13# and
references therein!. Except for a few cases, most of the
tests were performed, however, forsalt-free solutions of
identical macroions beingmonodispersein charge and ra-
dius. In fact, the case with symmetrical macroions and sa
much more frequently studied~see, e.g.,@14–16,7#! than the
case of asymmetric macroions where no such nonlin
screening theories have been considered as far as we
aware.

True experimental samples, however, are polydispers
charge and size@17# and this has important consequences
the static structure factor for small wave vectors@18# and
also shifts the freezing transition towards higher concen
tions @19#. To deal with polydisperse systems theoretica
one frequently invokes the DLVO picture with a correspon
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ing size correction; see, e.g.,@20#. Also, well-defined binary
mixtures of low-charge and high-charge colloidal macroio
can be prepared~see, e.g.,@18,21#! and reveal many interest
ing effects not known from one-component systems. Th
binary mixtures were also described theoretically by DLV
theory @18,22–25#.

The aim of the present paper is to check the validity of
DLVO picture for asymmetric macroions on the basis
‘‘exact’’ computer simulation data of the ‘‘primitive’’ mode
of strongly asymmetric electrolytes involving all charge
species including the macroions as well as the microsco
counterions and salt ions. Comparing the effective forces
tween two macroions confined in a box, we find that DLV
theory provides indeed a semiquantitative description of
interactions if the charge asymmetry is not too large. All t
scaling laws inherent in DLVO theory are also in excelle
agreement with our simulation data. Hence the use of DL
theory is justified from a more microscopic background.
the same time, our results for the interaction betwe
charged and uncharged colloids show the failure of DLV
theory. The latter predicts a zero interaction between s
particles. However, as it will be shown below, the line
screening theory does not take properly into account the
cluded volume of the neighboring particle, which leads to
nonzero value of the interaction.

We also performed computer simulations of the primiti
model with added salt, which is relevant for any experime
If the salt content is not too high, we again can justify t
DLVO approach in this case. For large separations betw
the macroions, an effective attraction between the two m
roions is also detected. However, it stems from the confin
walls and is thus also relevant for strongly confined mac
ion pairs. The technique we are using has setup simila
that described in Ref.@26#, where the case of symmetri
macroions in salt-free solutions was studied.

Our paper is organized as follows. In Sec. II we give t
definition of the effective force gained from statistical m
chanics. We then briefly describe our simulation technique

an
w,
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Sec. III. The results are presented in Sec. IV. Section V
finally devoted to a discussion and an outlook.

II. DEFINITION OF THE FORCES

The effective distance-resolved force between two mac
ions can be obtained from the effective potential@27,28#

Ueff~r !5U1~r !1U2~r !, ~1!

where r is the distance between the macroion centres.
direct partU1(r ) of the interaction has the Coulomb form

U1~r !5
Z1Z2

«r
e2, ~2!

wheree is the elementary charge,Z1 and Z2 correspond to
the macroion charge numbers, ande is the dielectric constan
of the solvent~«581 for water at room temperature!. With-
out loss of generality we chooseZ1.0 andZ2.0. The in-
direct partU2(r ) in Eq. ~1! can be written as

U2~r !52kBT ln~CZCS!. ~3!

HerekBT is the thermal energy,C is some irrelevant additive
constant, andZCS is the canonical sum for the system
counterions plus salt ions,

ZCS5E )
i 5c,s

)
k51

N1

d3r k
~ i ! exp$2b~Ucc1Ucm1Uss1Usm

1Ucs!%, ~4!

where

Ui j 5(
l 51

N1

(
k51

Nj

Vi j ~ urW l
~ i !2rWk

~ j !u!,

Uim5(
j 51

Ni

(
l 51

2

Vim
~ l !~ urW j

~ i !2RW l u!, ~5!

with b51/kBT being the inverse thermal energy. The p
potentialsVi j andVim

( l ) occurring in Eq.~5! are taken within
the framework of the primitive model

Vi j ~r !5H qiqj

«r
e2 for r .

s i1s j

2

` for r ,
s i1s j

2
,

~6!

Vim
~ l !~r !5H qiZm

~ l !

«r
e2 for r .

s i1sm
~ l !

2

` for r ,
s i1sm

~ l !

2
,

wherem denotes macroions,i and j denote the kind of spe
cies,i , j 5c ~counterions!, ands ~salt coions!. In Eqs.~4! and
~5! rWk

( i ) is the position of the small ion numberk of speciesi

with chargeqi . RW 1 andRW 2 are the positions of the two mac
roions. The parameterss i andsm

( l ) are the diameters of th
is

-

e

r

core for small particles and macroions, respectively. Fo
fixed number of macroionsNm52, in general, we understan
that Zm

(1)[Z1 and sm
(1)[s1 if the first macroion is consid-

ered andZm
(2)[Z2 andsm

(2)[s2 if the second is considered
In Eq. ~4! Nc is the total number of counterions~including
also likely charged salt ions!. Then the number of oppositel
charged salt ionsNs is fixed by the global charge neutralit

uqcu~Nc2Ns!5Z11Z2 .

Here we assumed for simplicity that the salt ions have
same valence as the counterions.

One obtains the following form for the effective forc
FW eff

(1)(r) @29# acting onto the first macroion:

FW eff
~1!~r !52¹W rWU1~r !2¹W rWU2~r !, ~7!

with

2¹W rWU1~r !5
Z1Z2e2

«r 3 rW. ~8!

From Eq. ~6! we obtain two contributions to the indirec
forces

2¹W rWU2~r !5FW el
~1!1FW conl

~1! , ~9!

where the electrical part is

FW el
~1!52

Z1e2

« K (
i 5c,s

S (
j 51

Ni

¹W RW 1

qi

urW j
~ i !2RW 1u D L ~10!

and the contact forceFW cont
(1) stemming from the excluded vol

ume can be expressed as an integral over the surface of
ticle 1 of the contact equilibrium density of the microscop
ions,

FW cont
~1! 52kBTtd fW (

i 5c,s
r~ i !~rW !, ~11!

where the surface vectorfW points outside the sphere. Here

r~ i !~rW !5K (
j 51

Nl

d~rW2rW j
~ i !!L ~12!

and rW5RW 12RW 2 is the separation distance between mac
ions. Furthermore, angular brackets denote a canonical a
age over the small ions. For an$rW j

( i )%-dependent quantityA,
the average is defined via

^A~$rW j
~ i !% !&5

1

ZCS
E )

i 5c,s
)
k51

Nl

d3r k
~ i ! exp$2b~Ucc1Ucm

1Uss1Usm1Ucs!%A~$rW j
~ i !% !.

The two terms~10! and~11! were discussed previously in th
context of planar geometry@30–33#.

In the absence of any system boundary, the force ac
on second macroionFW eff

(2)(r) has the same magnitude, but a

opposite sign due to symmetry reasons, i.e.,FW eff
(1)(r)
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52FW eff
(2)(r). Calculated values ofFW eff

(1)(r) can be compared
with the predictions of DLVO theory where one has the e
pression

FW DLVO~r !5

Ze expS s1

2RD
D

11
s1

2RD

Z2e expS s2

2RD
D

11
s2

2RD

expS 2r

RD
D

«r

3S 1

r
1

1

RD
D rW

r
. ~13!

The screening lengthRD is given by

RD
2 5

«kBT

4pe2qc
2~nc1ns!

, ~14!

where ni ( i 5c,s) is the concentration of small ionsni
5Ni /V, with V the system volume.

III. SIMULATION DETAILS

We consider a pair of charged macroions surrounded b
cloud of counterions and added salt ions. The system is c
fined in a cubic box of volumeV, whose center is taken a
the origin of our coordinate frame. The two macroions a
placed symmetrically along the room diagonal of the cu
such that the center of the cube coincides with the cente
charge of the two particles:

r 15r
Z2

Z11Z2
, r 25r

Z1

Z11Z2
. ~15!

Here r i ( i 51,2) is the distance between the location of t
macroion and the center of the box. The boundary conditi
for small particles on the faces of the cube were chosen
rigid wall, which imposes restrictions to the separation d
tance between macroions due to the wall effects. Theref
to get results free from any artificial wall effects the follow
ing conditions are necessary:~a! the Debye spheres aroun
the macroions should not penetrate the walls and~b! all the
distances between macroions and walls must be larger
the separation distancer . We remark that, in genera
FW eff

(1)(r)Þ2FW eff
(2)(r) due to the presence of the walls.

We performed a standard molecular-dynamics~MD!
simulation @28#. The collision between small particles an
the walls was modeled as reflection from the rigid surfa
The value of the MD time step was adjusted in such a w
that the displacement of the small particles was not gre
than small percent of the macroion radius. The finite mic
scopic core of the oppositely charged small particles p
vents them from collapsing into dipolar pairs.

Direct evaluation of Eq.~11!, where the contact densitie
enter, is difficult since these densities pile up near the m
roionic surfaces. However, the contact forceFW cont

(1) (r ) can be
obtained with a relatively small statistical error during t
MD simulation by averaging the momentum transfer on
macroions during a collision with the microscopic ions.
-
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IV. SIMULATION RESULTS

The simulation parameters were chosen to be typical
charged colloidal suspensions:T5293 K, «581, nm53.3
31012 cm23, s151.1131025 cm, and the charge of the
counterion and salt coionqi561. The diameter of the firs
macroions1 and the parameterF05e2/s1

2 were used as the
dimensionless measure for the distance and effective fo
In these units, the length of the cubic cell determined
(L/s1)352/nms1

3 takes the value 7.64. We choosesc ,ss

510233s1 .
The following setsA–M of parameters have been exam

ined:

A:
B:
C:
D:
E:
F:
G:
K:
L:
M :
N:

Z15280,
Z15280,
Z15310,
Z15310,
Z15360,
Z15360,
Z15410,
Z15410,
Z15560,
Z15280,
Z15280,

Z25280,
Z25280,
Z25250,
Z25250,
Z25200,
Z25200,
Z25150,
Z25150,
Z250,

Z25280,
Z25280,

s25s1 ,
s25s1/2,
s25s1 ,

s25s1/2,
s25s1 ,

s25s1/2,
s25s1 ,

s25s1/2,
s25s1 ,
s25s1 ,
s25s1 ,

ns50;
ns50;
ns50;
ns50;
ns50;
ns50;
ns50;
ns50;
ns50;

ns5nc/3;
ns5nc/2.

Run A was performed in@29# with a slightly different
geometry for the macroions. RunsB–L take into account
both the charge and size polydispersity for macroions. R
A–L were done withNc5560 particles and runM was car-
ried out for Nc1Ns51120 particles. RunN took the most
simulation time and involved a total number ofNc1Ns
51680 microscopic ions.

The equilibrium state of the system was checked dur
the simulation time for every run. This was done by a p
manent monitoring of the temperature, average velocity,
tribution function of velocities, and total potential energy
the system. On average it took from 2000 MD steps~for
salt-free runs! to 10 000 MD steps~salt-added runs! to get
the system into equilibrium. Then during 20 000–50 0
time steps we gather the statistics to perform canonical
erages.

As it was mentioned in Sec. III, we are restricted to se
ration distances between macroions. For runsA–L the De-
bye sphere of macroions becomes comparable to the
distance for a separation distancer'3s1 . For runsM andN
this is the case forr'5s1 and 6.5s1 , respectively. For large
distances spurious wall effects also contribute to the to
force. In order to separate them from the effective macroi
macroion force we have performed reference runs with
single macroion in the box, surrounded only by its ow
counterions and salt ions. For parameter setA and particle 1,
the resulting wall-induced forceFw5FW w•rW/r is shown in
Fig. 1. Clearly, for symmetry reasons,Fw50 if the particle
is centered in the cubic box (r 50). The quantityFw is nega-
tive, i.e., the wall-particle interaction is repulsive since t
counterions gain Coulomb energy if the macroion is cente
in the box. In the following we always subtract the wa
forces from the total force. The result is an approximat
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measure for the pure interparticle interaction. In all of o
data the wall-induced forces are shown as vertical bars in
positive direction.

Our computer simulation results in the salt-free case
Feff

(1)(r)5FW eff
(1)
•rW/r, where r defines the macroion-macroio

separation, are collected in Fig. 2. They are compared w
DLVO theory predictions~solid line!. It is easy to see from
Fig. 2 that the points accounting for the calculated values
the effective forces are below DLVO theory. This implie
that the DLVO potentialoverestimatesthe interactions. Still,
as can be concluded from Fig. 2, DLVO theory provides
semiquantitative description of the simulation data.

A picture from runF is given in Fig. 3 for the separatio
distancer 52s1 . A strong accumulation of counterions b
tween the macroions can be seen, which implies a str
screening of the direct Coulomb interaction.

We have further checked whether the scaling rules p
dicted by DLVO theory are fulfilled by the calculated effe
tive forces. For salt-free systems~runsA–K! we define the
scaled forceF* (r ) by

F* ~r !5
Feff

~1!~r !

Z1 expS s1

2RD
D

11
s1

2RD

Z2 expS s2

2RD
D

11
s2

2RD

. ~16!

Hence, in the framework of DLVO theory, the value
F* (r ) does not depend on the asymmetry of charges
sizes of macroions. The forces should fall on the same
versal curve

FDLVO* ~r !5
e2r /RD

«r S 1

r
1

1

RD
D . ~17!

FIG. 1. Wall-induced forceFw(r )/F0 versus the reduced dis
tance between the particle and the center of the cube,r /s1 , for a
one-particle simulation with chargeZ5280 in a cubic box. Herein-
after F05e2/s1

2, e is the elementary charge, ands151.11
31025 cm.
r
e

r

th

f

a

g

-

d
i-

As it is clear from Fig. 4, the calculated values of the effe
tive forces indeed obey this scaling rule except for very sm
r . ~Note that for the chosen parameter combinationsRD does
not change.! However, the actual form of the universal curv
differs slightly from the DLVO expression~16!. We have
tried to fit our data for this universal curve with a Yukaw
type expression

F* ~r !>A*
e2r /R*

«r S 1

r
1

1

R* D , ~18!

with two free fit parametersA* and R* . The best fit was
obtained forA* 50.85 andR* /RD50.7. It is included as a
dashed line in Fig. 4. This demonstrates that the unive
curve is indeed a Yukawa-type curve, but with paramet

FIG. 2. Reduced effective forceFeff
(1)(r)/F0 versus the reduced

macroion-macroion separation distancer /s1 for, from bottom to
top ~a! runsA, C, E, andG and~b! runsB, D, F, andK. For the
sake of clarity, the curves corresponding to runsC, E, andG in ~a!
and runsD, F, andK in ~b! are shifted in the ordinates by 400, 80
and 1200 units accordingly. Dots represent computer simula
results. Vertical bars in the positive direction conform to the ba
ground induced forces~see the text!. The solid line is the DLVO
predictionFDLVO(r )/F0 .
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‘‘renormalized’’ with respect to those arising from DLVO
theory. This is consistent with earlier findings for symmet
macroions@6,7,11#.

Drastical changes take place for runL, where one colloi-
dal particle was neutral. According to Eq.~14!, the charged
particle is fixed at the center of the cubic box and the neu
particle was placed along the room diagonal of the cu
Therefore, wall-induced forcesFw on the particles vanish
As can be seen from Fig. 5, the interaction between parti
is small but nonzero, contrary to the DLVO prediction. T
charged particle is subjected to the electric forceFW el

(1)(r ),
whereas the neutral one experiences only the contact f
FW cont

(2) (r ). Both forces are approximately equal, but have o

posite direction, i.e.,FW el
(1)(r )'2FW cont

(2) (r ). Since the contac
force is not included in the pure DLVO description, DLV
theory fails in predicting the force between a suspension
very-high-charge asymmetry. This repulsive force betwe
charged and uncharged spheres may prevent them from
agulation. In previous theoretical studies such forces w
neglected@34#.

FIG. 3. Picture~projected to thexy plane! from run F. The
separation distancer 52s1 . The big open circles correspond to th
core of macroions. The size of the counterions is magnified
visual convenience.

FIG. 4. Scaled forceF* (r )/F0 versus the reduced separatio
distancer /s1 . Solid line, the DLVO predictionFDLVO* (r )/F0 ; open
triangles, the simulation results in Fig. 2; dashed line, the b
Yukawa fit as explained in the text.
al
e.

s

ce
-

of
n

co-
re

Let us finally discuss a simple analytical theory for t
contact forces by extending the DLVO approach. In line
screening theory the counterion density field around
charged particle is approximately given by a Yukawa orb

r~c!~rW !>
Z1

4pRD
2

expS s1

2RD
D

11
s1

2RD

expS 2urW2RW 1u
RD

D
urW2RW 1u

. ~19!

Inserting this into expression~11! and performing the surface

integral leads to the following approximation forFW cont(rW):

FW cont~rW !>kBT

Z expS s1

2RD
D

11
s1

2RD

F s2

2RD
coshS s2

2RD
D

2sinhS s2

2RD
D GexpS 2r

RD
D r 1RD

r 3 rW. ~20!

The corresponding results are also plotted in Fig. 5 a
dashed line. It can be seen that our theory describes
trends correctly, although it does not work well quantit
tively. As expected from a comparison of the counteri
density profiles@35#, our theory underestimates the conta
forces for small separations and correspondingly overe
mates them for large separations.

In the simulations with added salt ions the screen
length is reduced, which gives us the opportunity to inve
gate larger separations. In parallel, it is a good chance
check the screening length dependence of the DLVO po

r

st

FIG. 5. Same as Fig. 2, but now for runL. The result for our
approximative theory for the contact force is shown as a das
line.
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tial. In Fig. 6 the effective forces are plotted for the case
added salt. Again DLVO theory overestimates the forces

For runsM andN one can use an another scaling functi
defined by

V~RD ,r !5RD

3 lnS Feff
~1!~r !«r

Z1 expS s1

2RD
D

11
s1

2RD

Z2 expS s2

2RD
D

11
s2

2RD

S 1

r
1

1

RD
D D

~21!

in order to check the dependence ofRD on salt concentra-
tion. For the DLVO-predicted effective force this functio
turns out to be linear inr : V(RD ,r )52r . The calculated
values for the scaled functionV(RD ,r ) for runsA, M , and
N are plotted in Fig. 7. The data indeed fall onto a strai
line with slope 21, as predicted by DLVO theory. Thi
proves that the dependence ofRD on the salt concentration i
correctly described in DLVO theory. However, the line
shifted by a constant, which means that the actual cha
prefactor is lower than that predicted by DLVO theory. Th
is again consistent with earlier findings@6,7,11#.

V. DISCUSSION AND OUTLOOK

To summarize, we have calculated, by ‘‘exact’’ compu
simulation of the primitive model involving only two mac
roions, the effective forces between two macroions of diff
ent radius and different charge. For moderate charge as
metries, we found that the traditional DLVO theory describ
the data well semiquantitatively, though it overestimates
forces a bit, particularly for small macroion separations. T
scaling laws for the size correction inherent in DLVO theo

FIG. 6. Same as Fig. 2, but now for runsA, M , andN ~from
bottom to top!.
f

t

ge

r

-
m-
s
e
e
,

which were used in many theoretical investigations@18,22–
25#, were also tested and found to be in excellent agreem
with the simulation data. For large asymmetries, howev
we show that there is a repulsive interaction between char
and uncharged colloidal particles, in disagreement w
DLVO theory. We have also studied a pair of identical ma
roions with 1:1 salt added. In this case DLVO theory aga
works reasonably well and its scaling properties are con
tent with our simulation data if the charge asymmetry is n
too large.

We should point out, however, that our parameter com
nations are limited. The concentration of added salt can
much higher and also the interaction between the macro
and counterion can made stronger in real samples, e.g
enhancing the bare macroion charge. A typical measure
the screening is the ratio of the macroion radius to the De
radiuss1/2RD , which is between1

6 ~for the salt-free case!
and 1

3 ~for the salt-added case! for our data. Stronger devia
tions from the DLVO picture are expected when this ratio
of the order of 1 or larger@27#. If the screening become
stronger we remark that the statistical error for the effect
forces obtained from the computer simulation increases
idly and it becomes impossible even to predict the corr
sign of the force.

In future work we plan to investigate an ensemble
Nm53 macroions where one can extract explicitly the role
triplet forces from the computer simulation data. Finally, w
remark that a simulation of the primitive model with, sa
Nm'30 highly charged macroions in a cube with period
boundary conditions is highly desirable. However, such
simulation is still not possible on present-day computers
to the large number of counterions involved.
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FIG. 7. Scaling functionV(RD ,r )/s1 versus the reduced sepa
ration distancer /s1 . Solid line, the DLVO predictionV(RD ,r )
52r ; open triangles, the simulation results in Fig. 6.



S

in

ys

n

r,

n

a

R.

.

-

5824 57E. ALLAHYAROV, H. LÖWEN, AND S. TRIGGER
@1# For a review see K. S. Schmitz,Macroions in Solution and
Colloidal Suspension~VCH, New York, 1993!.

@2# A. K. Sood, Solid State Phys.45, 1 ~1991!.
@3# W. B. Russel, D. A. Saville, and W. R. Schowalter,Colloidal

Dispersions~Cambridge University Press, Cambridge, 1989!.
@4# B. V. Derjaguin and L. D. Landau, Acta Physicochim. URS

14, 633 ~1941!.
@5# E. J. W. Verwey and J. T. G. Overbeek,Theory of the Stability

of Lyophobic Colloids~Elsevier, Amsterdam, 1948!.
@6# S. Alexander, P. M. Chaikin, P. Grant, G. J. Morales, P. P

cus, and D. Hone, J. Chem. Phys.80, 5776~1984!.
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