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Non-Gaussian statistics for the motion of self-propelled Janus particles: Experiment versus theory
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Spherical Janus particles are one of the most prominent examples for active Brownian objects. Here, we
study the diffusiophoretic motion of such microswimmers in experiment and in theory. Three stages are found:
simple Brownian motion at short times, superdiffusion at intermediate times, and finally diffusive behavior
again at long times. These three regimes observed in the experiments are compared with a theoretical model
for the Langevin dynamics of self-propelled particles with coupled translational and rotational motion. Besides
the mean square displacement also higher displacement moments are addressed. In particular, theoretical
predictions regarding the non-Gaussian behavior of self-propelled particles are verified in the experiments.
Furthermore, the full displacement probability distribution is analyzed, where in agreement with Brownian
dynamics simulations either an extremely broadened peak or a pronounced double-peak structure is found,
depending on the experimental conditions.
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I. INTRODUCTION

Recently, the single and collective properties of self-
propelled particles have been studied intensely [1–3]. Exam-
ples are found in quite different areas of physics and involve
bacteria [4–10], spermatozoa [11–15], and even fish, birds, and
mammals including humans [16–19]. Furthermore, various
types of micron-sized man-made active particles have been
developed [20–27]. One of the by now most popular artificial
realizations of colloidal microswimmers is mesoscopic Janus
particles which are put into motion by a chemical reaction
in the surrounding solvent [28,29]. In detail, this reaction
is catalyzed at one surface of the Janus particle such that
an asymmetric gradient field arises, which self-propels the
particle by diffusiophoresis [30–33]. Several features of the
resulting swimming behavior such as the direction of motion
[34,35], the dependence of the propulsion velocity on the
particle size [36], and the swimming efficiency [37] have been
investigated recently. Focus has also been directed at the flow
pattern in the vicinity of a heated Janus particle [38], clus-
tering in suspensions of self-propelled colloids [39–42], and
controlling the locomotion of single Janus micromotors [43]
by an external magnetic field [44,45]. Experiments with self-
propelled spherical Janus particles in periodical arrangements
of obstacles [46] have inspired theoretical studies on possible
applications for the sorting of chiral active particles [47] or
separation purposes in binary mixtures of passive colloids
[48]. Very recent simulations of microswimmers moving in
a ratchet channel also suggest their applicability for pumping
processes [49].

In general, the orientation of a Janus particle is fluctuating
and therefore the particle performs a persistent random walk
[50]. The mean square displacement hence crosses over from a
ballistic regime, where the particle on average is self-propelled
along its orientation, to a long-time diffusive behavior. The
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transition between these two regimes basically occurs at a
time scale corresponding to the inverse rotational diffusion
constant, i.e., when the particle has lost the memory of its initial
orientation. However, while the mean square displacement is
the standard quantity to characterize modes of propagation in
self-propelled systems, there are only a few studies for the
non-Gaussian behavior as revealed in the higher moments
and, in particular, in the excess kurtosis. Pure theoretical
calculations [51,52] have addressed higher moments, but an
analysis has never been performed based on experimental data
for microswimmers. Non-Gaussianity is an important feature
also in other disciplines of statistical physics including, e.g.,
the glass transition [53–56] and the analysis of rare events
(such as earthquakes and stock crashes) [57]. Therefore, it is
relevant from a fundamental point of view to get insight into
the non-Gaussian statistics for microswimmer motion.

Here, we analyze higher moments characterizing non-
Gaussianity in experimental trajectories of self-motile Janus
particles and compare them to the theoretical predictions of a
model based on the Langevin equations for the coupled trans-
lational and rotational motion of active Brownian particles.
Moreover, we elucidate the interplay between the random and
deterministic components of the particle displacements at very
short times. We show that the crossover from diffusive short-
time motion to superdiffusive motion at intermediate times
[52] can also be verified experimentally, which supports the
theoretical description of microswimmers by active Brownian
models. Additional insights regarding the non-Gaussianity
are obtained by analyzing the time evolution of the full
probability distribution of particle displacements. Here, the
experimental data show that the initial Gaussian curve trans-
forms into a shape with a significantly broadened peak if Janus
particles in solutions with low hydrogen peroxide (H2O2)
concentrations are considered. In contrast, for high H2O2

concentration a pronounced double-peak structure is found.
These fundamentally different features result from a restriction
of the rotational Brownian motion in the case of strongly
driven Janus particles. Our observations are confirmed by
Brownian dynamics simulations, where the particle orientation
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is either freely diffusing on a unit sphere or restrained to a
two-dimensional plane.

This paper is organized as follows: Section II introduces
the methods used in experiment, theory, and simulation. The
experimental observations are presented in Sec. III, where also
a detailed discussion and interpretation in the context of the
theoretical model is given. Finally, we conclude in Sec. IV.

II. METHODS

A. Experiment

In our experiments, we study the motion of spherical
Pt-silica Janus particles. The fabrication method is similar to
that illustrated in Ref. [31]. By electron beam evaporation,
a layer of Pt (thickness about 7 nm) is deposited on the
surface of one hemisphere of the particles (see Sec. 1
in the Appendix for further details). After that the Janus
particles are resuspended in distilled water (18.2 M� cm).
Most of the experiments are performed with Janus spheres
with diameter d1 = 2.08 ± 0.05 μm (measured by scanning
electron microscopy). Whenever additional results for smaller
particles with diameter d2 = 0.96 ± 0.03 μm are included for
comparison, this is appropriately indicated.

The particle trajectories in water and in H2O2 solutions with
different concentrations (1.25%–15%) are observed by video
microscopy with an image field of view of 512 × 512 pixels
(approximately 80 × 80 μm). To be able to observe also
the particle dynamics at very short times, the time interval
�t between two images was reduced to 10 ms. After the
preparation of the solutions, a 70 μl droplet with specified
H2O2 concentration was put on a cover slip. Image series
consisting of 600–1000 frames were captured in one position
located about 2–5 μm above the glass substrate.

In the same droplet, five movies were taken in five different
locations in the same horizontal plane. The measurements for
each H2O2 concentration were repeated in 12–15 droplets
independently. In order to have a good measurement re-
producibility and to limit the influence of temperature and
concentration fluctuations induced by the chemical reaction,
a fresh test solution for each droplet was reprepared. The
experiments were performed in the stationary regime from
1 to 9 min after the beginning of the catalytic reaction in the
H2O2 solution. In this period the fuel concentration does not
change significantly since the used particle density is very low.
The displacements of the Janus particles were measured by
trajectory tracking from the movies. To reach the requirements
of the statistical analysis, for each concentration more than
1000 particles were considered.

In the images the Janus particles appear half bright (the
silica side) and half dark (Pt coating side). In order to determine
the exact center of each Janus particle, a two-step method using
“find edge” and “Gaussian blur” was performed (see Sec. 2
in the Appendix for details). Thus, the center of the Janus
particles could be determined with a ±0.5 pixel accuracy. After
this preprocessing, the trajectories of individual particles can
be tracked from the video material.

The dynamics of the particles in our system is strongly
influenced by their translational and rotational Brownian
motion. Thus, before investigating the self-propulsion on top

of it, the diffusion coefficients Dt for translation and Dr

for rotation have to be addressed. The translational diffusion
coefficient is in principle given by the Stokes-Einstein equation

Dt = kBT

3πηd
, (1)

where kBT is the thermal energy and η is the viscosity of
the solvent. Alternatively, Dt can also be directly determined
from the two-dimensional mean square displacement 〈(�r)2〉
of passive Brownian particles via Dt = 〈(�r)2〉/(4�t). Fol-
lowing this standard method the experimental data yield Dt =
0.175 μm2 s−1 for the particles with diameter d1 = 2.08 μm
[theoretical prediction based on Eq. (1): Dt = 0.211 μm2 s−1].
In the case of the smaller particles (d2 = 0.96 μm) the
measurements give Dt = 0.416 μm2 s−1 as compared to the
theoretical value Dt = 0.456 μm2 s−1. The small deviations
between the measured and the predicted values are clearly
due to hydrodynamic interactions with the glass substrate
[58,59], which slightly reduce the mobility of the particles. We
estimate the rotational diffusion coefficient from the relation
Dr = 3Dt/d

2, which directly follows from Eq. (1) and its
analogon

Dr = kBT

πηd3
(2)

for rotational diffusion [60]. Using the experimentally deter-
mined values for Dt, one obtains Dr = 0.121 s−1 for the larger
particles and Dr = 1.35 s−1 for the smaller ones.

B. Theory

In order to describe the dynamics of the Janus particles
in our experiments, we use a theoretical model similar to
that studied in detail in Ref. [52]. This general model for
self-propelled Brownian particles is altered in a way such
that it suits our experimental setup. Primarily, this means that
the theoretical description is transferred from a one-particle
situation to a dilute system with many, but not interacting
particles as realized in our experiments. As the particles have
different initial orientations that cannot easily be measured
with sufficient accuracy, we always take an average and use
corresponding theoretical results.

Starting with the Langevin equations for the overdamped
motion of a Brownian particle, we include an effective driving
force F = F û, which accounts for the detailed self-propulsion
mechanism of the active Janus particle on average and does not
contradict the fact that the motion of a swimmer is force-free. F
is parallel to a particle-fixed orientation vector û that is defined
by the position of the Pt layer (see Fig. 1).

The translational motion of the Janus spheres studied here
is performed in two dimensions as gravity, in combination
with electrostatic repulsion, keeps the particles close to the
substrate, where the focal plane of the microscope is located.
However, in principle the particles can rotate freely. This
implies that the translational motion of one Janus particle is
described by the two-dimensional projection of the Langevin
equation

dr
dt

= βDtF û +
√

2Dtξ r (3)
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FIG. 1. (Color online) Schematic of the particle motion for two
subsequent time steps and definition of several parameters used for
its characterization. The translational motion is determined by the
displacements �x and �y of the center-of-mass postion of the
particle. The orientation vector û = (sin θ cos ϕ, sin θ sin ϕ, cos θ )
coincides with the direction of self-propulsion. Note that θ = 90◦

in the figure for the sake of clarity. While θ and ϕ define the particle
orientation, ϑ is the angle between the directions of subsequent
displacements. Due to the combination of Brownian motion and
self-propulsion, û is not necessarily collinear with the displacement
direction.

for the center-of-mass position r(t) = [x(t),y(t)], where β =
1/(kBT ) is the inverse effective thermal energy. As the
direction of the self-propulsion depends on the particle
orientation û, Eq. (3) is coupled to the rotational Langevin
equation

dû
dt

=
√

2Drξ û × û . (4)

The translational and rotational random motion due to the
kicks of the solvent molecules is included by the Gaus-
sian noise terms ξ r and ξ û with zero mean and variances
〈ξ r(t1) ⊗ ξ r(t2)〉 = 〈ξ û(t1) ⊗ ξ û(t2)〉 = δ(t1 − t2)1, where 1 is
the unit tensor. The corresponding orientational probability
distribution for the freely diffusing orientation vector [60] is
given by

P (θ,ϕ,t) =
∞∑
l=0

l∑
m=−l

e−Drl(l+1)t Y m∗
l (θ0,ϕ0)Ym

l (θ,ϕ), (5)

where Ym
l and Ym∗

l are the spherical harmonics and their com-
plex conjugates. The spherical coordinates θ and ϕ define the
particle orientation û = (sin θ cos ϕ, sin θ sin ϕ, cos θ ). Initial
values at t = 0 are indicated by the index 0. For freely diffusing
Janus particles with arbitrary initial orientation the analytical
expressions for the different moments of the displacement
probability distribution are given in Secs. III A and III B.
These results are in good agreement with the experimental
data for up to 5% H2O2 concentration. As discussed in detail
in Sec. III E, our observations strongly suggest that for higher
H2O2 concentration of the solvent the particle orientation is
not homogeneously distributed on a unit sphere, but is to some
extent restricted to the two-dimensional plane of translational
motion. This requires an appropriate adaption of the theoretical
model.

C. Simulation

While our model provides analytical expressions for the
displacement moments, a corresponding Brownian dynamics
simulation based on the same Langevin equations (3) and (4)
allows us to also study the full distribution. Numerical
results are obtained for 106 particle trajectories with arbitrary
initial conditions and length 100 tr, where tr = 1/Dr is the
rotational diffusion time. The translational and rotational noise
terms ξ r and ξ û are implemented by independent Gaussian
random numbers with zero mean and unit variance for each
component. Simulation results are provided for the probability
distributions for both the magnitude and the direction of
displacements. The function �(�x,t) gives the probability
to find a particle at a certain distance �x from its initial
position after a specified time t (see schematic illustration in
Fig. 1). The time evolution of �(�x,t) is discussed in detail
in Sec. III C. To elucidate the interplay between the random
and the deterministic components of the particle motion, we
also address the probability distribution �(ϑ,t) of the angle
ϑ between the directions of subsequent particle displacements
(cf. Fig. 1) both in experiment and simulation (see Sec. III D).

III. RESULTS

A. Mean square displacement

To characterize the dynamics of the Janus particles, we
first discuss the mean square displacement (MSD) 〈(�r)2〉û0 .
Here, �r = r(t) − r0 is the two-dimensional translational
displacement and the notation 〈· · ·〉û0 denotes a noise average
with an additional averaging over the initial orientation û0

of the particles. Figure 2 shows the experimental results for
the MSD in a double logarithmic plot. We use dimensionless

FIG. 2. (Color online) Double logarithmic plot of the experimen-
tal results for the MSD of Janus particles with diameter d1 = 2.08 μm
in water and in H2O2 solutions with different concentrations as a
function of the scaled time τ = Drt . Various regimes of motion are
identified. Dashed and solid curves refer to different measurements
for the same H2O2 concentrations. Left inset: visualization of the data
in a linear plot. Right inset: experimental results for smaller particles
with diameter d2 = 0.96 μm in water and in H2O2 solutions with
concentrations of 2.5% and 5%.
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quantities 〈(�r)2〉û0/d
2 and τ = Drt as this is convenient for

the discussion of the measurements in the context of our
theoretical model. While the main figure and the left inset of
Fig. 2 are based on measurements for particles with diameter
d1 = 2.08 μm, the right inset visualizes corresponding data
for smaller particles (d2 = 0.96 μm). Due to the different
rotational diffusion coefficients (Dr = 0.121 s−1 for d1 and
Dr = 1.35 s−1 for d2), the larger particles are more appropriate
to also study the behavior at small values of τ . Therefore, we
focus on these particles for our detailed statistical analysis. In
the experiments, images were usually recorded with a frame
rate of 10 frames per second (fps). Corresponding results
for the MSD in water and in H2O2 solutions with different
concentrations ranging from 1.25% to 5% are visualized by
the solid lines in Fig. 2. However, to be able to resolve
the very early time regime, additional measurements with a
frame rate of 100 fps are included as well (see dashed lines in
Fig. 2). In water the Janus particles undergo simple Brownian
motion resulting in a linear time dependence of the MSD (see
lowermost curve in Fig. 2). This changes when the particles are
embedded in H2O2 solutions. A chemical reaction catalyzed
by the Pt coated Janus particles is induced in the solvent [50],
which triggers the self-propulsion and leads to three different
regimes of motion.

At short times (τ < 10−2 for 2.5% H2O2 concentration),
the particles undergo simple Brownian motion. The behavior
corresponds to that of passive Brownian particles as the
deterministic displacements due to the self-propulsion are not
relevant at this early stage. We introduce the characteristic
time scale τ1 to describe the transition to the intermediate
regime, where directed (active) motion dominates. Physically,
τ1 is the time that is required for the chemical reaction to
bring about a propulsive motion comparable to the Brownian
random displacements. It clearly decreases with increasing
H2O2 concentration of the solution and can be used to measure
the strength of the self-propulsion of the investigated particles.

In the second regime, the MSD yields a superdiffusive
behavior (approximately 〈(�r)2〉û0 ∝ t2) as the motion is
dominated by the directed propulsive component. Finally, at
a second time scale τ2 the dynamics becomes diffusive again
with an enhanced diffusion coefficient [50]. The transition
to this third regime is also obvious in the linear plot of the
MSD (see left inset in Fig. 2), where the nonlinear (quadratic)
dependence at short times becomes linear for longer times.
The transition occurs near τ2 = 1/2, which corresponds to
t2 = 4.1 s. This is the time scale where the particles lose their
memory of the initial orientation due to rotational Brownian
motion. Note that τ2 is largely independent of the H2O2

concentration as opposed to the transition time τ1. Previous
experiments [34,50] have observed the time scale τ2. However,
an experimental investigation of the time scale τ1 has not been
reported yet.

As visualized in Fig. 3, the experimental data show good
agreement with our theoretical model. The solid curves
represent best fits for short and intermediate times based on
the prediction

〈
(�r)2

d2

〉
û0

= 4

3
τ + 1

27
a2[2τ − 1 + e−2τ ] (6)

FIG. 3. (Color online) Comparison of the measured MSD (sym-
bols) with the theoretical prediction (solid curves). The fitting
parameter a is given in Table I. Dashed lines indicate the transition
times τ1(a) = 18/a2 and τ2 = 1/2 between the different regimes of
motion.

for the two-dimensional MSD, which is obtained from Eqs. (3)
and (5). Here and in the following the dimensionless parameter
a = βdF is used to characterize the strength of the self-
propulsion. The fit curves in Fig. 3 are based on the values
of a specified in Table I. We attribute the slight deviations at
long times to small particle imperfections, in particular with
regard to the Pt layer. These might induce a noncentral effective
driving force, which leads to a tiny, but deterministic rotation of
the particle and thus reduces the measured MSD for long times.
This effect could be included in the theoretical model either by
means of a renormalized rotational diffusion coefficient [50]
or by explicitly considering an internal torque generated by the
asymmetry of the particle [61]. Another source of deviations
might be remnants of long-ranged hydrodynamic effects.
Short-ranged particle-particle interactions can be excluded
due to our tracking algorithm, where only particles with a
specified minimum distance from each other are considered
(for further details see Sec. 2 in the Appendix). From Eq. (6)
one also obtains a prediction for the transition time τ1 between
the initial diffusive and the superdiffusive regime. Equating
the Brownian and the propulsive contributions yields τ1 =
18/a2. In agreement with the experimental observations, τ1 is
antiproportional to the square of the self-propulsion force.

TABLE I. Dimensionless self-propulsion force a = βdF of the
Janus particles as a function of the H2O2 concentration of the solvent.
The values for a are obtained by fitting Eq. (6) to the experimental
data for the MSD (see Fig. 3).

H2O2 concentration (%) Scaled self-propulsion a

0 0
1.25 21
2.5 35
5 62
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B. Excess kurtosis

On top of the analysis of the MSD, here we also address
skewness S and excess kurtosis γ , which serve to quantify the
non-Gaussian behavior of self-propelled particles [51]. They
are given by

S = 〈(�x)3〉û0

〈(�x)2〉3/2
û0

(7)

and

γ = 〈(�x)4〉û0

〈(�x)2〉2
û0

− 3, (8)

respectively. Note that Eqs. (7) and (8) are only valid because
〈�x〉û0 = 0 in our system. Otherwise, the moments have to
be replaced by the respective central moments. As the third
moment 〈(�x)3〉û0 trivially vanishes due to the symmetry
of �(�x,t), resulting from the averaging over the initial
orientation û0 of the Janus particles, the skewness S is zero;
though, our measurements in H2O2 solution clearly yield
nonzero values for the excess kurtosis γ , which directly
indicates non-Gaussian behavior. The curves in Fig. 4(a) are
calculated from the experimental displacement data based
on Eq. (8). Results are shown for pure water and H2O2

concentrations of 1.25%, 2.5%, and 5% corresponding to
the analysis of the MSD in Figs. 2 and 3. As expected, the
reference measurements in water yield a nearly vanishing
excess kurtosis γ , which indicates largely Gaussian behavior.
The slight deviations from zero can be induced by a not
perfectly symmetric particle shape. This leads to a situation
similar to the Brownian motion of passive ellipsoids, where
small positive values for the non-Gaussian parameter are
observed as well [62]. However, the time dependence of the
excess kurtosis changes drastically, when active Janus particles
in H2O2 solutions are considered. The measured curves turn
negative and present a minimum located between τ = 0.4
and τ = 0.8 depending on the H2O2 concentration. If the
latter is increased, the position of the minimum is shifted to
shorter times and it becomes more pronounced (γmin ≈ −0.35
for 1.25% and γmin ≈ −0.8 for 5% H2O2). This corresponds
to the general observation that for all times a higher H2O2

concentration leads to more negative values for γ .
To derive the analytical expression for the excess kurtosis

from our theoretical model, in addition to the MSD the
fourth moment 〈(�x)4〉û0 of �(�x,t) is also required. For
the situation in our experiments, where the particles undergo
three-dimensional rotational Brownian motion, one obtains〈

(�x)4

d4

〉
û0

= 4

3
τ 2 + 2

27
a2τ [2τ − 1 + e−2τ ]

+ 1

21870
a4[90τ 2 − 156τ + 107

− 54τe−2τ − 108e−2τ + e−6τ ]. (9)

The final result for the excess kurtosis γ directly follows from
Eq. (8) by inserting Eq. (9) and 〈(�x)2〉û0 = (1/2)〈(�r)2〉û0

[see Eq. (6)]. In Fig. 4(b) theoretical curves are plotted for a as
determined for pure water and the various H2O2 concentrations
from the analysis of the MSD (see Fig. 3 and Table I). The
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FIG. 4. (Color online) (a) Experimental and (b) theoretical results
for the excess kurtosis γ . The theoretical curves are calculated for
the values of the self-propulsion force extracted from the MSD fits in
Fig. 3 (see Table I). Inset in (b): Visualization of the theoretical data
in a linear plot.

linear plot in the inset visualizes the pronounced negative long-
time tail [52].

Basically, the theoretical results show the same tendency as
discussed for the experimental curves in Fig. 4(a). In particular
with regard to the general behavior and the position of the
minimum the agreement is very good, although the experimen-
tal values for γ are usually less negative than the theoretical
predictions. Slightly positive values as measured for very short
times can again be ascribed to small deviations from an ideal
isotropic particle shape, similar to our observations in pure
water.

C. Displacement probability distribution

After the discussion of the displacement moments, in a
next step we study the full probability distribution function
�(�x,t) for one-dimensional displacements, which reveals
further details of the statistical characteristics of the particle
motion. In water, the Janus particles show a simple diffusive
behavior corresponding to Gaussian probability distributions
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FIG. 5. (Color online) Time evolution of �(�x,t): (a) experimen-
tal results for 5% H2O2 concentration; (b) corresponding simulation
for a = 62.

at all times. However, for self-propelled particles the curves
for �(�x,t) significantly deviate from a Gaussian shape. In
Fig. 5(a) exemplarily the experimental results for 5% H2O2

concentration are given. Data points are plotted for each pixel,
corresponding to an interval of 0.16 μm. At the beginning
(t = 0.1 s), �(�x,t) is still nearly Gaussian. After t = 0.5 s,
a broadening of the peak is observed, which further intensifies
until t = 2 s. Furthermore, the wings of the distribution
become steeper as time proceeds.

A theoretical prediction for �(�x,t) is obtained numer-
ically from the model equations (3) and (4). As opposed to
the analytical results for the MSD and the excess kurtosis
presented in Secs. III A and III B, the full displacement
probability distribution is only accessible via a Brownian
dynamics simulation (see Sec. II C). Figure 5(b) gives the
simulation results calculated for a = βdF = 62. They show
the same characteristic features—such as the broadened peak
and the steep wings—as the experimental plots.

The shape of the displacement probability distribution
curves is closely related to the particle dynamics in the different
regimes of motion (see Sec. III A). At short times, when

the random translational motion still dominates, �(�x,t)
is nearly Gaussian. In the intermediate regime, where the
self-propulsion dictates the particle motion, the broadening
of the peak emerges [see Fig. 5, plots for t = 0.5 s (τ =
0.0605) and t = 2 s (τ = 0.242)]. Thus, the appearance of
the broadened peak accompanied by the steep wings is due
to the active component of the motion. This shape also
provides the explanation for the negative values of the excess
kurtosis γ (see Sec. III B), which could only be suspected in
earlier theoretical calculations [51,52].

As we assume that the Janus particles undergo free
rotational Brownian motion in three dimensions, their initial
orientations are homogeneously distributed on a unit sphere
[63]. This implies that the projections of all possible initial
orientation vectors û0 on the x axis are evenly spread between
−1 and 1. Consequently, the contribution to the deterministic
particle displacement in x direction is uniformly distributed
as well, which explains the kind of rectangular shape of
�(�x,t) in the intermediate regime. Although the measured
MSD (see Fig. 2) already indicates diffusive behavior again for
τ > 1/2, the non-Gaussian structure of �(�x,t) still persists
[see Fig. 5, plots for t = 10 s (τ = 1.21)]. This yields that
the displacement probability distribution is less sensitive to
changes in the type of motion than the MSD. The prolonged
presence of the broadened peak is consistent with the negative
long-time tail observed for the excess kurtosis (see Fig. 4) and
explains its origin. For very long times, �(�x,t) is expected
to become Gaussian again. While the experiments cannot
be performed long enough to show this tendency clearly,
it is confirmed by our simulation. The conversion back to
a Gaussian shape occurs at τ on the order of 102, when
also the excess kurtosis, which is a direct measure for the
non-Gaussianity, approaches zero again.

D. Directional probability distribution

In this section, we briefly discuss an alternative approach
to visualize the relative importance of the random and the
deterministic contributions to the particle motion. It is based
on the probability distribution function �(ϑ,t) for the angle ϑ

between the directions of subsequent particle displacements
(see Fig. 1). While the Brownian noise induces arbitrary
displacement directions (corresponding to a homogeneous
distribution of ϑ between −π and π ), the self-propulsive
motion is always collinear with the particle orientation û,
determined by the position of the Pt layer, and thus favors
values of ϑ near zero.

The experimental results for the time evolution of �(ϑ,t)
in solutions with different H2O2 concentrations are shown
in Figs. 6(a)–6(c). In water [see Fig. 6(a)] the distribution
is uniform at all times due to the random Brownian motion.
However, for nonzero H2O2 concentration a peaked behavior
of �(ϑ,t) occurs [see Figs. 6(b) for 2.5% and 6(c) for 5%
H2O2]. Here, the peak height increases for short times until it
reaches its maximum value at about 1 s. After that the curves
become flatter again when the displacement directions decorre-
late due to rotational Brownian motion. With increasing H2O2

concentration the peak attains higher maximum values and
it becomes more pronounced at intermediate times. At long
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FIG. 6. (Color online) Time evolution of �(ϑ,t): (a)–(c) experimental data for (a) water, (b) 2.5%, and (c) 5% H2O2 concentration.
(d) Simulation results for a = 62.

times there is no significant difference between the curves for
2.5% and 5% H2O2 concentration.

Figure 6(d) gives the simulation results for the time
evolution of �(ϑ,t) for a = 62. It is in good agreement with
the corresponding experimental data and shows additional
curves for very short and very long times that are not
directly accessible in experiment. The three regimes (short-
time diffusive, intermediate ballistic, and long-time diffusive)
discussed in detail in the previous sections can also be extracted
from the plots of �(ϑ,t). For very short times [see curves
for t = 0.001 s and t = 0.01 s in Fig. 6(d)] the directions of
the particle displacements in two adjacent time intervals are
completely uncorrelated. This yields that the passive Brownian
motion is dominant in this regime. The pronounced peaks
for intermediate values of t [see, in particular, curves for
t = 0.5 s and t = 1 s in Fig. 6(d)] clearly show that the particle
dynamics is largely influenced by the directed self-propelling
component of the motion. Finally, for very long times the
angular probability distribution becomes homogeneous again,
indicating the long-time diffusive regime.

E. Orientational symmetry breaking
for high H2O2 concentration

The previous discussion focused on results for up to 5%
H2O2 concentration. We have also performed experiments
with 10% and 15% solutions. Here, our video observation
of the Janus particles strongly indicates that their orientation
is not freely diffusing on a unit sphere anymore, but is largely
restricted to the x-y plane [64]. This symmetry breaking
in the rotational motion directly affects the structure of the

probability distribution function �(�x,t) and also leads to
different analytical expressions for the displacement moments.
Assuming that the orientation vector of the particle always lies
inside the two-dimensional plane of motion, the evolution of
the single orientational angle φ is given by [52]

P (φ,t) = 1√
4πDrt

exp

(
− (φ − φ0)2

4Drt

)
. (10)

Consequently, from Eqs. (3) and (10) one obtains the
orientation-averaged MSD〈

(�r)2

d2

〉
û0

= 4

3
τ + 2

9
a2[τ − 1 + e−τ ] (11)

and the fourth moment〈
(�x)4

d4

〉
û0

= 4

3
τ 2 + 4

9
a2τ [τ − 1 + e−τ ]

+ 1

3888
a4[144τ 2 − 540τ + 783

− 240τe−τ − 784e−τ + e−4τ ] (12)

determining the excess kurtosis. At first sight, these results
seem to be very similar to their counterparts for free three-
dimensional rotational Brownian motion as presented in
Eqs. (6) and (9), respectively. Technically, they only differ
in the prefactors of the various terms and in the arguments
of the exponential functions. The larger absolute values of
the latter for three-dimensional orientation indicate that the
particles lose their orientational memory earlier than in the case
with two-dimensional rotational Brownian motion. Despite
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FIG. 7. (Color online) (a) Time evolution of the measured
probability distribution �(�x,t) for Janus particles in a 10% H2O2

solution. The occurrence of the double peak indicates that the
particle orientation does not diffuse freely on a unit sphere for high
H2O2 concentrations. (b) Reference simulation for particles whose
orientation is restricted to the x-y plane.

the formal analogy of the analytical expressions for the
displacement moments, both the experimental data and the
simulation results reveal striking differences with regard to
the full probability distribution function (see Fig. 7). While an
extremely broadened peak is observed for isotropic rotational
diffusion (see Fig. 5), a characteristic double peak occurs due to
the symmetry breaking that restricts the particle orientations to
the two-dimensional plane of translational motion (see Fig. 7).
It is most pronounced after times on the order of several
seconds. The origin of the double peak can be understood
by considering the initial orientations of the Janus particles.
If these are homogeneously distributed on a unit circle (and
not on a unit sphere), the corresponding projections on the x

axis are not evenly spread between −1 and 1. Instead of that,
values close to the extrema have a higher statistical weight
than values around zero. Consequently, the majority of the
Janus particles carry out a significant directed displacement
during the superdiffusive regime where the self-propulsion is

FIG. 8. (Color online) Experimental results for �(�x,t) after
2 s for different H2O2 concentrations. The inset shows the Gaussian
distribution measured in water.

dominant. Only few particles stay close to their initial position.
This explains the characteristic double-peak structure observed
in our experiments and verified by a corresponding computer
simulation (see Fig. 7).

Figure 8 directly visualizes the dependence of �(�x,t)
on the H2O2 concentration. For this purpose, snapshots of
the distributions after 2 s are shown. These reveal Gaussian
behavior for pure water, a broadened peak for low, and a
double peak for high H2O2 concentration. The existence of
the double peak in the latter case is a second independent
indicator for the orientational symmetry breaking, in addition
to our video observation. We surmise that the limitation of
the rotational freedom is due to hydrodynamic effects [65,66].
In solutions with higher H2O2 concentration, the chemical
reaction generates a stronger self-propulsion. Thus, the flow
pattern in the vicinity of a Janus particle [38] might have
increasing influence on its rotational motion. However, clearly
more work is needed to fully understand the origin of the
observed orientational symmetry breaking.

Finally, our theoretical description including limited rota-
tional freedom could also explain the seemingly contradicting
experimental results presented in Refs. [34] and [50]. In
Ref. [50] the rotational diffusion time tr = 1/Dr is measured
to decrease as a function of the H2O2 concentration, which
is attributed to an asymmetric Pt coverage leading to a
deterministic rotation of the particles. On the contrary, a slight
increase of tr with higher H2O2 concentration is reported in
Ref. [34], where tr is estimated from the transition between the
superdiffusive and the long-time diffusive regime. Following
the argument of limited rotational freedom, this increase is
not due to a change of the rotational diffusion coefficient,
but could directly be explained by the different prefactors of
τ in the exponents of Eqs. (6) and (11). The real situation
in experiments with active Janus particles is most likely
always somewhere in between free rotational diffusion and
full restriction to two dimensions. While the good agreement
between theory and experiment for low H2O2 concentrations
(up to 5%)—as discussed in Secs. III A–III D—implies that
the orientational limitation plays a minor role in those
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cases, a modified description is required for higher H2O2

concentrations.

IV. CONCLUSIONS

In summary, we have studied the non-Gaussian character-
istics of the diffusiophoretic motion of self-propelled Pt-silica
Janus spheres both in experiment and in theory. The propulsion
strength is varied by means of different concentrations of
the H2O2 solution, in which the particles are embedded.
The good agreement between theory and experiment shows
that in spite of the rather complicated underlying propulsion
mechanism all the main features of the motion including the
higher displacement moments can be understood by our model
based on the translational and orientational Langevin equations
[52,60]. The analytical predictions have been experimentally
verified not only for the mean square displacement, but also for
the excess kurtosis characterizing the non-Gaussian behavior.
This promises the applicability of our model to a broad
range of experimental systems as the detailed propulsion
mechanism can be accounted for by the implementation of
an effective driving force. As illustrated here, the excess
kurtosis is a helpful tool beyond the standard mean square
displacement approach in order to understand the interplay
between the deterministic and the random components of
the dynamics of active Brownian systems. The characteristic
non-Gaussian superdiffusive intermediate regime is enframed
by two diffusive regimes: simple (passive) Brownian motion
at short times and enhanced diffusion with a significantly
increased diffusion constant [50] due to the active part of the
motion at long times.

A deeper understanding of the non-Gaussianity is provided
by the full probability distributions for the magnitude and the
direction of displacements as obtained from the experiments
in good agreement with a corresponding Brownian dynamics
simulation. Concerning the magnitude of the displacements,
the respective probability distribution for low H2O2 concen-
tration reveals a significantly broadened peak at intermediate
times, which is induced by the self-propulsion of the Janus
particles. In agreement with the negative long-time tail of
the excess kurtosis, the broadened peak is still observable
when the particle dynamics has already changed to the
enhanced diffusive regime. This phenomenon can be traced
back to the superdiffusive regime, where a large number of
particles performed significant deterministic displacements.
In the experiments with high H2O2 concentration, a symmetry
breaking manifested in a limitation of the rotational Brownian
motion is found. It induces a pronounced double-peak structure
of the displacement probability distribution and requires a
modification of the theoretical description.

In order to generalize the presented results for spherical
Janus particles, in a next step, it is interesting to analyze
the non-Gaussian behavior of asymmetric particles. These can
either be axisymmetric such as rods [67] and ellipsoids [68],
or they can have an even more complicated anisotropic shape
[69,70]. While some results for the non-Gaussian behavior
of passive [62] and active [52] axisymmetric particles are
already available, an open question addresses the influence
of more complicated particle shapes on the characteristic
features of the particle dynamics beyond simple Brownian

motion. In particular, an additional torque [71]—as auto-
matically induced by an asymmetry around the propulsion
axis [61]—significantly affects the motional behavior and
leads to a modified displacement probability distribution.
Another interesting aspect for future experimental studies are
solvent flow effects [72,73] which accelerate the displacement
of microswimmers drastically [74]. In the present work the
non-Gaussianity is already caused by the presence of the
self-propulsion of the active particles. Thus, here it is a
single particle phenomenon as dilute systems, where particle
interactions are negligible, are investigated in our experiments.
However, for situations with higher particle density [75–77],
the interplay between hydrodynamic effects [78] and the
self-propulsion of the particles is expected to give rise to new
physical phenomena manifested also in the excess kurtosis
of the displacement probability distribution and its higher
moments.
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APPENDIX: EXPERIMENTAL APPARATUS
AND METHODS

1. Preparation of the Janus particles

The silica particles used in the experiments were produced
by the University of Petroleum in China. The diameters of
the two considered particle sizes are d1 = 2.08 ± 0.05 μm
and d2 = 0.96 ± 0.03 μm measured by scanning electron
microscopy (SEM) (see Fig. 9).

To fabricate the Janus particles, an aqueous suspension of
silica particles is first deposited on a 4-inch silicon wafer by
spin coating at low speed (800 rpm). After evaporating the
water, a single layer of particles is formed on the wafer.
Then, using electron beam evaporation (by an Innotec e-
beam evaporator in the Institute of Semiconductors, Chinese
Academy of Sciences), a layer of Pt (thickness about 7 nm) is
deposited on the upper half surfaces of the particles. Finally,
the half-coated Janus particles are collected from the silicon
wafer using a razor blade and resuspended in distilled water
(18.2 M� cm). The volumetric concentration of the Janus
particle suspension is approximately 5 × 10−3.

FIG. 9. SEM images of the silica particles with diameters
(a) d1 = 2.08 ± 0.05 μm and (b) d2 = 0.96 ± 0.03 μm.
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FIG. 10. Image preprocessing with the program IMAGEJ: (a) the
original image directly obtained by video microscopy from the
experiments, (b) image after using the find edge function, and
(c) image after using the Gaussian blur function.

2. Image processing

We apply the following method to determine the exact
center of the Janus particles, which appear half bright and half
dark in the images (see Fig. 10). First, the find edge function of

the program IMAGEJ is used, which highlights sharp intensity
changes. As the sharpest changes occur at the particle edges,
this function offers a way to reconstruct the round shape of
the particle. Secondly, using the Gaussian blur function of
IMAGEJ, the gray scale value distribution in the particle domain
is determined. The point with the maximum gray scale value
is considered to be the center of the particle. This method has
a ±0.5 pixel accuracy.

After this preprocessing, the particle positions (x,y) can
be tracked by the software VIDEO SPOT TRACKER (V07.02).
To guarantee that only individual particles are tracked, we
omit aggregated particles and use a “dead zone” func-
tion, by which the region of approximately one diameter
around the particle is monitored. If other particles enter
into this zone, the tracking of the respective particles is
stopped. Therefore, particle aggregation as well as particle-
particle collisions and interactions can be excluded from our
investigation.
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Phys. 12, 725 (2009).
[52] B. ten Hagen, S. van Teeffelen, and H. Löwen, J. Phys.: Condens.
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[73] A. Zöttl and H. Stark, Phys. Rev. Lett. 108, 218104

(2012).
[74] B. ten Hagen, R. Wittkowski, and H. Löwen, Phys. Rev. E 84,
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